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ABSTRACT
Based on Gear’s fixed step size backward differentiation methods, Gear (1968), second derivative continuous
linear multistep methods with an off-step point are presented. This type of methods provides a means of bypassing
the order barriers imposed by Dahlquist (1963) and also provides continuous solutions of IVPs in ODEs. The stiff
stability of these methods is determined by using the boundary locus. Instability sets in at 10k . Numerical results
of the methods solving a non-linear and a linear stiff initial value problems in ordinary differential equations are
compared to that of the state -of -the-art code, ODE 15s in MATLAB.
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INTRODUCTION
For the numerical solution of the initial value problem
       10 ,,,,,,  mm RfRybaxyayxyxfy              (1.1)
whose  solution is stiff, let us consider the family of hybrid second derivative continuous linear multistep methods
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And  the hybrid predictor








*                (1.3)
where t  is the scaled variable given as   hxxt n /1 . The value of v  is taken to be 21k  for a fixed k . These
methods will be derived for the case where the IVP (1.1) is a scalar, that is 1m . However our examples in section
5 will show how it can be implemented to the case where the IVP (1.1) is a vector, that is 2m . The extension in
(1.2) consists of the addition of the terms vnv yt )(  to the left hand side and vnv fth )(,1   to the right hand side of
the Gear’s fixed step size backward differentiation methods, Gear (1968).
Similar methods for the solution of (1.1) were introduced by Otunta et al (2007), Ikhile and Okuonghae (2007),
Okuonghae (2008). Discrete formulation of the same sort are found in Butcher (1965, 1987, 2001), Enright (1974),
Gragg and Stetter (1964), Kohfeld and Thompson (1968) and Gear (1964, 1968).
The idea behind the proposed methods is the use of collocation and interpolation procedure discussed in
Onumanyi et al (1996), Arevalo et al (2002), Sirisena et al (2001).
The proposed methods are found to be highly stable and give accurate result.
Sections 2 and 3 contain the derivation of methods (1.2) and (1.3) in continuous form respectively. In section
4 the stability of the methods is obtained using the boundary locus. In sections 5 and 6 we have numerical experiment
and conclusion respectively.
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2.0 Derivation of the Second Derivative Continuous Linear Multistep Methods (CLMM)










j xaxy              (2.1)
where sa j '  are the real parameter constants to be determined. Collocating and interpolating (2.1) as appropriate in
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Adopting the approach in Nwachukwu (2010), we obtain the continuous coefficients
           ,,1,,,,, 1210 tttttt vkk        ttt vkk ,1,2,1 ,,  . For 3,2,1k , these coefficients are given
in Table 2.1. In Table 2.2, we have the discrete coefficients, the error constant and the order of the Scheme (1.2).
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Table (2.1): Continuous Coefficients of the Scheme (1.2).
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Table (2.2): The Discrete Coefficients, the Error Constant (EC) and Order (P) of the Scheme (1.2).
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3.0 Derivation of the Second Derivative Hybrid Predictor CLMM.
The coefficients of the hybrid predictor (1.3)











j xbxy               (3.1)
where sb j '  are now the real parameter constants to be determined to obtain a particular method of (1.3) for a fixed k .
Following the same procedure as in section 2.0 we have a class of continuous hybrid predictor for (1.2). Table 3.1 gives
the continuous coefficients of the methods (1.3) for 3,2,1k . Table 3.2 contains the discrete coefficients, the error
constant and the order of the hybrid.
Table (3.1): Continuous Coefficients of the Hybrid Predictor (1.3)
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Table (3.2): The Discrete Coefficients, the Error Constant (EC) and Order (P) of the Hybrid Predictor (1.3)
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4.0 The Stability of the Methods
According to Gear (1968), a numerical method is said to be stiffly-stable if (i) its region of absolute stability
contains 1R and 2R and (ii) it is accurate for all 2Rh   when applied to the scalar test  equation yy ' ,   a
complex constant with 0Re  , where
 ahhR   Re/1
,Re/{2 bhahR   }Im chc  
and a, b and c are positive constants.
The regions
1R  and 2R  of the complex h -plane are shown  in figure 4.1.
The diagram in figure 4.1 is the boundary locus form of the region of stiff stability of any  given numerical integrator.
Putting (1.3) into (1.2) for a corresponding value of k and applying the resultant method to the scalar test












































application of boundary Locus requires the plotting of )Re(z  against )Im(z  in order   to reveal the interval of absolute
stability of the methods. For the proposed methods, the boundary Loci are shown in Figure 4.2. The methods are
stiffly stable for 9k . But instability sets in at 10k since the stability region is not connected.
 hIm
 hRe
         Figure 4.1: Region of stiff stability of a numerical method
2R a
1R
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5.0 Numerical  Experiment















 nnnn yyhfy (5.2)
for ,1k  we consider the numerical solution of the nonlinear stiff IVP in Higham and Higham (2000), Enright (1974)
with   30001.00x
32
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and the linear problem in Enright (1974)













































































       (5.4)
with x  in the range [0, 50] and h = 0.0001
Applying method (5.1) with the corresponding hybrid method (5.2) to the initial value problems above leads to solving
implicit set of equations which demands the use of the Newton Raphson iterative scheme
          ,2,1,0,11   syFyFyy s kns kns kns kn (5.5)
as reported in Enright (1974), Fatunla (1988), Lambert (1991). The starting values for the iterative scheme (5.5) are










1        (5.6)
The plots of the numerical solutions of  xy2  of the nonlinear stiff problem and  xy1  of the linear stiff problem are
given in figures (5.1) and (5.2) respectively.
CONCLUSION
We have considered a class of second derivative continuous linear multistep methods of order 3k . The
methods are stiffly stable for step number 9k . In figure (5.1), the numerical result of the class of methods
compares favourably with the state-of-the art code, ODE 15s in MATLAB. The graphs of the numerical result in Figure
(5.2) show that the methods perform better than Enright’s method when applied to the linear problem.
Figure 5.1 Figure 5.2
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